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ABSTRACT The classic astrometric instruments can measure the local astronomical longitude

and latitude by using plumb line as a reference, where the variation of local plumb line can be

gotten. The deflection of the local plumb line implies the change of the gravitational field around

the station. It is often related to the redistribution of subsurface matter, and could be helpful

for knowing the situation of underground materials. A dual-mass model is developed to find

the relationship between local PLV (Plumb Line Variation) and subsurface mass change. 3480

sets of cases are considered which containing positive and negative mass variations (relative

to the geological background) in the range of 97◦E–107◦E (E denotes east longitude) and

21◦N–29◦N (N denotes north latitude). The relevant problem is solved by the DE (Differential

Evolutionary) algorithm. The resulting error of position is about 1 meter and error of mass is

less than 1011 kg, which are improved in comparison to the previous treatments.

Key words astrometry, methods: numerical: DE (Differential Evolutionary) algorithm, PLV

(Plumb Line Variation), underground mass disturbance
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1 Introduction

Astrometry aims to measure the position,

distance and other parameters of celestial bod-

ies accurately. The ground-based astrometry can

provide information about the gravity field of

earth[1–2] because of the plumb-line-based mea-

surement method. Thus, some astrometric tech-

nologies were developed, such as the photographic

zenith tube[3] and the multifunctional theodolite[4].

The multifunctional theodolite developed by

Yunnan Astronomical Observatories (YNAO) can

detect the variation of local plumb line by mea-
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suring local astronomical longitude λ and latitude

ϕ with high precision[5]. The principle of its mea-

surement is as follows:

cos z = sinϕ sin δ + cosϕ cos δ cos t ,

where t = S − α + λ; S is the Greenwich sidereal

time at the observed instant. α and δ are the ap-

parent right ascension and apparent declination of

observed star, and z is the zenith distance. We can

solve the equations and get the local astronomical

latitude and longitude by observing several stars.

In practice, the following formula will be used for

solving ∆λ cosϕ and ∆ϕ which denote the distur-

bance of longitude and latitude of the station re-

spectively:

sin z0∆z + (cosϕ0 sin δ − sinϕ0 cos δ cos t0)∆ϕ

− cosϕ0 cos δ sin t0∆λ = 0 ,

where z0 is the adopted value of the zenith distance

and ∆z represents its variation. t0 = S−α+λ0, ϕ0

and λ0 are the adopted values of latitude and longi-

tude of the station. The variation of time ∆t = ∆λ,

if the error of the clock of station is considered to

be negligible.

The plumb line is the normal line of the Geoid,

and its direction will be deflected by surrounding

gravitational field changes, and the observed re-

sults of the theodolite will be affected. After de-

creasing some influence from different errors[6], we

can get higher precision results to detect smaller

disturbances of the plumb line.

There are many factors to cause the variation

of the Earth’s gravity field over time, including

both tidal and non-tidal variations. The former

has been studied in more detail[7]. In this paper,

we focus on the non-tidal temporal variation of the

gravity field. This part mainly includes the effects

of crustal deformation and subsurface material re-

distribution around the stations.

The variations of local gravity connected with

earthquake were detected, such as the 1964 Ni-

igata earthquake in Japan[8], the Alaska earth-

quake in the United States[9], the 1975 Haicheng

earthquake and the 1976 Tangshan earthquake[10].

Many scholars analyzed the gravity anomalies be-

fore and after the earthquakes in several earth-

quake zones and their surrounding areas[11–14], for

supporting the case of Subsurface Mass Migration

Theory. In addition, they have also tried to explain

the specific forms of subsurface material migration

or changes.

Zhang[15] speculated that the cause of the

anomaly in Ref. [1] was groundwater activity, while

Gu et al.[16] simulated the gravity variation in the

studied area using the finite element method un-

der certain assumptions. They suggested that the

residual gravity variation in the region supports

the possibility that the migrating material is sub-

surface fluid at crustal depth.

Because the complicated properties of sub-

surface materials cannot be detected directly at

present, the models on subsurface materials relat-

ed to local gravity changes are needed.

Based on the data of local gravity in Tang-

shan with a total of 46 periods from 1987 to 1998,

Li et al.[17] and Yang et al.[18] presented that the

subsurface material could be disturbed under two

earthquakes through explaining the local gravity

anomalies.

A single-mass model connecting subsurface

material to gravity change obtained by local PLV

(Plumb Line Variation) was proposed by Wang et

al.[4], in which the subsurface material was simpli-

fied as a mass with abnormal mass M . The de-

flection angle of local PLV θ caused by subsurface

material is given by

θ = g−1MGD−2[1 + (LD−1)2]−3/2(LD−1) , (1)

where D and L are the vertical component and
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the horizontal component of the distance between

the center of mass and observational station, re-

spectively. g is the normal gravity acceleration at

observational station and G is the gravitational

constant. A schematic diagram of the single-mass

model is shown by Fig. 1 and g′ is the new gravity

acceleration of the station after the deflection.

Ground Station

Mass

Body

Fig. 1 The deflection angle of local PLV caused by

subsurface material. a is the gravitational acceleration

between the mass and the station.

For real cases, the subsurface material could

contain more than one mass, in which the abnor-

mal masses could be positive for the aggregation

of material or negative for the dissipation of ma-

terial. The deflection of the local PLV will contain

the contribution of multiple masses, and the above

model is not applied. In this paper, we establish a

dual-mass model based on the single-mass model

to solve the parameters of two subsurface masses

that exist simultaneously. The essence of the prob-

lem is to solve a set of nonlinear equations.

The solutions of nonlinear equations are often

difficult to be obtained in analytic form, so we use

numerical methods to solve them and it is trans-

formed into the optimization problem. Traditional

numerical solution methods such as Gradient De-

scent (GD) and Newton’s method have the advan-

tage of fast convergence, but the location of the

mass is unknown to cause large range of latitude

and longitude intervals and low efficiency for the

problem solution. The differential evolutionary al-

gorithm is used as the core method in this paper

because of its advantages of not relying on the ini-

tial value, not requiring the optimization function

to be differentiable and derivable, and having a

better global search capability.

2 Introduction to Differential

Evolutionary Algorithm

DE (Differential Evolutionary) is an evolu-

tionary computing technology which is firstly in-

vented by Storn[19] for solving the Chebyshev poly-

nomial problems. It has been found that DE shows

an excellent capability in solving complex opti-

mization problems[20].

The classic DE bases on population evolution

and uses real number encoding. The algorithm

solves the optimization problem by the competi-

tion and cooperation between different individuals

of population. Let’s take a minimum problem for

example, and there is an objective function

min f(x1, x2, · · · , xd)

s.t. xL
k 6 xk 6 xU

k , k = 1, 2, · · · , d ,

where min f means minimizing the objective func-

tion f , d is the dimension of the solution space, xL
k

and xU
k are the lower and upper limits of the kth

component xk. The main flow is as follows[21]:

1. Initializing:

(a) initialized part of parameters.

(b) initialized population:
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initial population

{xp(0) | xL
k,p 6 xk,p(0) 6 xU

k,p,

p = 1, 2, · · · , NP; k = 1, 2, · · · , d} ,

generate randomly:

xk,p(0) = xL
k,p + rand(0, 1)(xU

k,p − xL
k,p) ,

xp(0) represents the pth individual in the 0th

generation, and xk,p(0) represents the kth

gene of the pth individual. NP stands for the

size of population, rand(0, 1) indicates that

gets a random value from 0 to 1.

2. Mutation. Differential, the first word of DE,

is the way how individual mutate. A normal

way is that choosing two different individuals

from population randomly and compound-

ing their difference-vectors and the individu-

al prepared to mutate, then we get the mid-

individual vp(s+ 1) as follow:

vp(s+ 1) = xr1(s) + F [xr2(s)− xr3(s)],

p ̸= r1 ̸= r2 ̸= r3 ,

where F is scaling factor, and xr1 , xr2 , · · · ,
xrindex

denote individuals randomly selected

from the population, and r1, r2, · · · , rindex are
their indexes respectively which belong to

the set of natural numbers. xp(s) represents

the pth individual of the sth generation. Mid-

individuals {vp(s + 1)|vLk,p 6 vk,p(s + 1) 6
vUk,p, p = 1, 2, · · · , NP ; k = 1, 2, · · · , d}.
vk,p(s+ 1) represents the kth gene of the pth

mid-individual in the s+1th generation, vLk,p
and vUk,p are the lower and upper limits, re-

spectively.

The mutation operation may result in the

creation of genes in the individual that ex-

ceed the boundary conditions. In this case, it

is necessary to repair the genes that exceed

the limit to ensure the validity of the solution

in the evolutionary process. In this paper,

we use the random-repair method, which re-

places the overrun genes with a random set of

values that satisfy the boundary conditions.

3. Crossover. Do crossover operation on the sth

generation population xp(s) and the mid-

individuals vp(s+ 1)

uk,p(s+ 1) =
vk,p(s+ 1), if rand(0, 1) 6 Cr

or k = krand ,

xk,p(s), otherwise ,

where Cr is the crossover rate, krand is a val-

ue randomly selected from the range of k.

uk,p(s + 1) is the kth gene of the pth mid-

individual, and s+1 means it will be selected

into the next generation.

4. Selection. Greed algorithm will be followed

when selecting individuals for next genera-

tion.

xp(s+ 1) =up(s+ 1), if f [up(s+ 1)] 6 f [xp(s)] ,

xp(s), otherwise ,

where up(s+ 1) is the individual obtained in

crossover operation. Since the aim is to mini-

mize the objective function f , the individual

with a smaller value of f will be selected from

up(s+ 1) and xp(s) in this step.

Pseudocode is as Algorithm 1[22]:

The statement above shows a classical DE

strategy and it can be marked as DE/rand/1/bin.

And the explanation of general form DE/a/b/c

is as follows: DE is obviously the abbreviation of

DE algorithm. Letter “a” represents the mutation

type of the individual. Letter “b” is the number

of difference-vector we used. Letter “c” shows the
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strategy of crossover operation. Table 1 shows sev-

eral variant DE we used commonly.

The basic DE program we used is provided by

Geatpy toolbox1 .

Algorithm 1 Differential Evolutionary algorithm

Initialized parameters: Cr, F, NP, s ← 0 (s

means the number of generations)

Initialized population: X = {xs
1, x

s
2, · · · , xs

NP
} ◃

xs
p is another form of xp(s)

while not satisfied exit criteria do

for all p ∈ {1, 2, · · · , NP} do
vp ← mutiation(F ; p,X)

up ← crossover(Cr;x
s
p, vp)

if f(up) < f(xs
p) then

xs+1
p ← up

else

xs+1
p ← xs

p

end if

end for

s← s+ 1

end while

return argminxs
p
f(xs

p) ◃ argminxs
p
f(xs

p) is the

points with the minimum value of f

Table 1 Several DEs

DE/a/b Mutation Strategies

DE/rand/1 xr1 + F (xr2 − xr3)

DE/rand/2 xr1 + F (xr2 + xr3 − xr4 − xr5)

DE/best/1 xa
best + F (xr2 − xr3)

a xbest is the best (fittest) individual in the population.

3 Dual-Mass Model

It is supposed that a mass anomaly varia-

tion zone is relative to the background in the

subsurface region of the station (λi, ϕi) (i =

1, 2, · · · ,m), where λi, ϕi are the station longitude

and latitude respectively, and i is the station num-

ber. The parameters of the center of mass are

(Λj ,Φj ,Mj , Dj) (j = 1, 2, · · · , n), where j is the

number of the mass, and Λj ,Φj ,Mj , Dj are the

longitude, latitude, mass and depth of the mass re-

spectively. We simplify the Earth as a sphere and

take the mean radius of the Earth as R⊕. Then,

on the large circle of the Earth, the arc length be-

tween the station and the projection of the center

of mass on the ground
⌢

Li,j can be obtained from

the spherical triangle formula
⌢

Li,j = R⊕ arccos[sinϕi sinΦj +

cosϕi cosΦj cos(λi − Λj)] .
(2)

The length of string Li,j corresponding to the

arc
⌢

Li,j is the distance between station and mass

Li,j = 2R⊕ sin

⌢

Li,j

2R⊕
. (3)

After replacing the L in Eq. (1) with the ex-

pression of Li,j in Eqs. (2) and (3), we can get the

relation γ between the longitude, latitude, depth,

mass of the jth mass and the PLV angle θ of the

ith station

θi = γi(Λj ,Φj ,Mj , Dj)

(i = 1, 2, · · · ,m; j = 1, 2, . . . .n) .
(4)

Finally, we could get a total PLV angle Θi of

the ith station by adding PLV angle vectors from

different masses together. In the case of dual-mass

model, m = 2, and the complete relation Γi be-

tween the parameters of two masses and stations

can be obtained

Θi = Γi(Λ1,Φ1,M1, D1,Λ2,Φ2,M2, D2)

(i = 1, 2, · · · ,m).
(5)

If there is an observatory net which makes up

with m stations measuring at the same time, we
1Jazzbin. Geatpy: the Genetic and Evolutionary Algorithm Toolbox with High Performance in Python. 2020
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could get a set of nonlinear equations about two

mass parameters and the observation data Θob
i

Θ1 −Θob
1 = 0 ,

Θ2 −Θob
2 = 0 , i = 1, 2, · · · ,m .

· · ·

Θi −Θob
i = 0 ,

(6)

Actually, each equation in Eq. (6) still in-

cludes two equations about longitude component

Xi and latitude component Yi. Θ
ob
i has two com-

ponents too. If considering the depth as a constant

and D1 = D2, we only need to solve six unknown

parameters which include two masses (M1,M2)

and two positions (Λ1, Φ1, Λ2, Φ2). In conclusion,

we need more than three stations to solve this set

of equations.

Station simulation: seven virtual stations are

set in Yunnan Province which range from 97◦E–

107◦E and 21◦N–29◦N as Fig. 2 shows. In order to

deal with different position distribution of the mass

disturbance, we divide 7 stations into 35 groups by

way of combination. In other words, the program

will use 4 stations in one calculation and the re-

sults will be replaced by other groups when they

are bad.
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Fig. 2 Stations location map

Mass simulation: in the range of Yunnan

Province (97◦E–107◦E and 21◦N–29◦N), we start

at (97◦E, 21◦N) and draw lines every 2◦ until reach

(107◦E, 29◦N). Thus, we can get 30 points of in-

tersection. The 30 nodes will be locations where

the two mass disturbances occur. A simple test is

conducted and gives some information about mass-

es with different parameters. In this test, several

masses are set with different cross section radii,

vertical lengths and densities (be written as ∆ρ),
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and the gravity disturbances caused by the center

of masses on the ground are calculated as Table 2

shows. The mass with a radius of 100 km not only

has a large active range but also can let us to get

a proper amount of example. So, after considering

the accuracy of instrument and the possible size

of mass, we take the 2◦ (≈ 220 km) which is close

to the sum of radius of two adjacent masses as the

side length of the cell. As for the masses which have

a smaller cross section radius, it can also help us

to test the model with more subtle masses consid-

ering a higher accuracy of instrument. But this is

only feasible when we have more computing power

or use more efficient algorithms.

The mass and mass ratio of the two masses are

referenced from the relation between earthquake

magnitude and mass disturbance order given by

Wang et al.[4]. One mass M1 = ±2 × 1015 kg cor-

responds to magnitude-8 earthquake, another one

M2 = ±2 × 1012 kg corresponds to magnitude-6

earthquake.

Table 2 The information of several masses

Cross section

radius/km

Vertical

length/km
∆ρ/(kg ·m−3)

Gravity disturbance of

the center of mass/µGala
Active

rangeb/km

20
5

0.1–0.2

8.4–16.9 –

10 17.1–34 –

50
5 15.0–30.9 –

10 30.9–59.9 –

100
5 17.9–35.7 2–46

10 35.7–71.4 1–67

150
5 18.9–37.8 2–46

10 37.8–75.5 1–67

a 1 µGal = 10−8 m · s−2.
b Active range means that the range of points where the variation of plumb line caused by mass is bigger

than a set value. In this paper, we use 0.02′′.

According to the distribution of underground

masses from the gravity data[23–24], the depth of

the two masses is set to be 15 km. After getting

rid of the overlapping masses pairs, we get 3480

examples for calculation. Then we simulate the da-

ta Θob
i by substituting the examples into Eq. (5)

and solve the Eq. (6) with DE.

The calculation flow chart is shown in Fig. 3.

4 Result

In the initial calculation, the mass ratio of the

two masses was set to 1:1000 based on the assump-

tion of correlation between the magnitude of the

earthquake and the changing mass of the subsur-

face material, considering the extremely low pos-

sibility of two simultaneous high-magnitude earth-

quakes in the local area. Table 3 shows the average

computing time of different mass combinations and

the average errors on location and mass.
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The results show that dual-mass model can

be solved under the current conditions no matter

the mass of particles is positive or negative, and

the errors of location and mass can be ignored in

this work. Actually, some examples have the error

to be 0.0947 m. After analyzing, we find that the

error is a truncation error from computation. The

error corresponds to about 10−8 radian or 0.002′′.

A specific situation for stations used in computa-

tion is as follows: the seven virtual stations includ-

ing PuEr, BaoEhan, LiJiang, KunMing, YanShan,

QuJing and ZhaoTong are divided into 35 groups

by the way of combination, and specific situation

is shown in Table 4.

We do another computation for further re-

search after completing the solution of all 3480

examples. In the computation, we select 500 ex-

amples each time and change the mass ratio to be

1:1, 1:10, 1:100, 1:500, 1:800 respectively. Both lo-

cation average errors and mass average errors are

calculated and shown in Table 5. Each 500-example

group with a specific mass ratio shows that the re-

sults fit well with the input data.

Initializing 

parameters

Solving

equations

Satisfying the

criteria or not?

Changing

station group

End

Saving results

Inputing example

Selecting one 

station group

Simulating

Yes

No

Fig. 3 Calculation flow chart

Table 3 The calculation results of the 3480 examples

Mass 1

/(1015 kg)

Mass 2

/(1015 kg)
Number

Average

computing

time/s

Mass 1

average

location

error/m

Mass 2

average

location

error/m

Mass

average

error

/(1015 kg)

+2 +0.002 870 44.5815 0.0148 0.0098 < 10−4

+2 −0.002 870 44.1519 0.0145 0.0095 < 10−4

−2 +0.002 870 48.8789 0.0144 0.0096 < 10−4

−2 −0.002 870 41.5202 0.0140 0.0090 < 10−4
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Table 4 Stations groups situation

Group number Station

1 PuEr, BaoShan, LiJiang, KunMing

2 PuEr, BaoShan, LiJiang, YanShan

3 PuEr, BaoShan, LiJiang, QuJing

4 PuEr, BaoShan, LiJiang, ZhaoTong

5 PuEr, BaoShan, KunMing, YanShan

· · · · · ·

34 LiJiang, YanShan, QuJing, ZhaoTong

35 KunMing, YanShan, QuJing, ZhaoTong

Table 5 The caculation results of different mass ratios

Mass 2 : Mass 1 Number
Mass 1 average

location error/m

Mass 2 average

location error/m

Mass average

error/(1015 kg)

1:1 500 0.0142 0.0131 < 10−4

1:10 500 0.0130 0.0162 < 10−4

1:100 500 0.0145 0.0145 < 10−4

1:500 500 0.0140 0.0138 < 10−4

1:800 500 0.0140 0.0138 < 10−4

5 Conclusion

This paper attempts to establish a dual-mass

model to simulate the changes of subsurface mate-

rial when the material aggregation and dissipation

are considered, in which DE is used to perform

global optimization of the model parameters. The

obtained results are in good agreement with the

predetermined values. It implies that the multi-

functional theodolite we developed can detect the

subsurface material migration using the plumb-line

deflection under the instrument network observa-

tion. The masses under consideration are homoge-

neous and regular. To obtain further information

on the variation of the subsurface material based

on the PLV at the station, we need to improve the

model:

(1) Density distribution could vary with the

depth and horizontal position relative to instru-

ment;

(2) The shape of the mass can also be com-

bined using multiple regular geometries depending

on the geological and geographical conditions of

the studied area;

(3) Both 1 and 2 are extended to the inhomo-

geneity and irregularity of the model, which also

means that the calculation of a single mass param-

eter could not represent the location of the mass

and its influence on the surrounding gravity field.
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Perhaps we should consider dividing the mass in-

to regions and then calculate the center of mass

separately in a combined manner in future.

The above points are only some preliminary

ideas to improve the model, and any changes are

to describe the real changes of subsurface materi-

al accurately, so we still need actual data to veri-

fy and judge. At present, the astronomical survey

network has not been established, there are still d-

ifficulties in obtaining data. We need to seek some

help from the field of geology, to make up for the

lack of data on astronomical methods.

For a more complex model, more sophisticat-

ed algorithms are needed to solve it. When the

model is modified in a three-dimensional, the sim-

ple calculations will be replaced by integration or

superposition, regardless of whether the effect of

the gravity field on the surrounding point is con-

tinuous or discrete, to cause a significant increase

in computational effort. Astronomical instruments

are capable of producing data every clear night,

the speed of computation becomes a critical pre-

sentation of results. Therefore, we need to improve

the current algorithm for the new model.
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双地下物质变化区参数解算方法研究

董冬辉1,2 程向明1,2,3,4 张桢君5 王建成1,2,3 冒 蔚1

(1 中国科学院云南天文台昆明 650216)
(2 中国科学院大学北京 100049)

(3 中国科学院天体结构与演化重点实验室昆明 650216)
(4 云南省应用天文技术工程实验室昆明 650216)

(5 安阳工学院计算机科学与信息工程学院安阳 455000)

摘要 经典天体测量仪器以铅垂线为基准测量本地的天文经纬度, 因而能探测到本地铅垂线的偏转. 本地铅垂线的偏转代

表着测站周围重力场的变化, 而这一变化与地下物质的再分布相关, 由此有望帮助了解地下物质变化的情况. 将本地的铅

垂线偏转(Plumb Line Variation, PLV)与地下物质变化联系起来, 建立了双质量体模型. 在97◦E–107◦E和21◦N–29◦N范围

内, 考虑了3480个包含正、负质量变化(相对地质背景)的质量体组合算例, 并利用差分进化(Differential Evolutionary, DE)

算法进行了解算. 解算得到的质量体相对于模拟值的位置误差小于米量级, 质量误差小于1011 kg, 结果精度较高.

关键词 天体测量学, 方法: 数值: 差分进化算法, 铅垂线偏转, 地下质量扰动
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